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Abstract: If X is a geodesic metric space and x1, X2, x3 € X, a geodesic triangle T = {x1, x2, x3} is the union of
the three geodesics [x1x2], [x2x3] and [x3x1] in X . The space X is §-hyperbolic (in the Gromov sense) if any side of
T is contained in a §-neighborhood of the union of the two other sides, for every geodesic triangle 7 in X . Deciding
whether or not a graph is hyperbolic is usually very difficult; therefore, it is interesting to find classes of graphs
which are hyperbolic. A graph is circulant if it has a cyclic group of automorphisms that includes an automorphism
taking any vertex to any other vertex. In this paper we prove that infinite circulant graphs and their complements
are hyperbolic. Furthermore, we obtain several sharp inequalities for the hyperbolicity constant of a large class of
infinite circulant graphs and the precise value of the hyperbolicity constant of many circulant graphs. Besides, we
give sharp bounds for the hyperbolicity constant of the complement of every infinite circulant graph.
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1 Introduction

Hyperbolic spaces play an important role in geometric group theory and in the geometry of negatively curved spaces
(see [1-3]). The concept of Gromov hyperbolicity grasps the essence of negatively curved spaces like the classical
hyperbolic space, simply connected Riemannian manifolds of negative sectional curvature bounded away from 0,
and of discrete spaces like trees and the Cayley graphs of many finitely generated groups. It is remarkable that a
simple concept leads to such a rich general theory (see [1-3]).

The first works on Gromov hyperbolic spaces deal with finitely generated groups (see [3]). Initially, Gromov
spaces were applied to the study of automatic groups in the science of computation (see, e.g., [4]); indeed, hyperbolic
groups are strongly geodesically automatic, i.e., there is an automatic structure on the group [5].

The concept of hyperbolicity appears also in discrete mathematics, algorithms and networking. For example, it
has been shown empirically in [6] that the internet topology embeds with better accuracy into a hyperbolic space
than into a Euclidean space of comparable dimension (formal proofs that the distortion is related to the hyperbolicity
can be found in [7]); furthermore, it is evidenced that many real networks are hyperbolic (see, e.g., [§-12]). A
few algorithmic problems in hyperbolic spaces and hyperbolic graphs have been considered in recent papers (see
[13—16]). Another important application of these spaces is the study of the spread of viruses through the internet
(see [17, 18]). Furthermore, hyperbolic spaces are useful in secure transmission of information on the network (see
[17-19]); also to traffic flow and effective resistance of networks [20-22].
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In [23] it was proved the equivalence of the hyperbolicity of many negatively curved surfaces and the
hyperbolicity of a graph related to it; hence, it is useful to know hyperbolicity criteria for graphs from a geometrical
viewpoint. In recent years, the study of mathematical properties of Gromov hyperbolic spaces has become a topic of
increasing interest in graph theory and its applications (see, e.g., [11, 17-19, 23—40] and the references therein).

If (X, d) is a metric space and y : [a, b] —> X is a continuous function, we define the length of y as

L(y)i=sup | D d(yti—).y() : a=to <1 <+ <ty =bf.

i=1

We say that a curve y : [a,b] — X is a geodesic if we have L(y|[;.s1) = d(y(t),y(s)) = |t — s]| for every
s,t € [a,b], where L and d denote length and distance, respectively, and y|[; 57 is the restriction of the curve y
to the interval [¢, s] (then y is equipped with an arc-length parametrization). The metric space X is said geodesic if
for every couple of points in X there exists a geodesic joining them; we denote by [xy] any geodesic joining x and
y; this notation is ambiguous, since in general we do not have uniqueness of geodesics, but it is very convenient.
Consequently, any geodesic metric space is connected. If the metric space X is a graph, then the edge joining the
vertices u and v will be denoted by [u, v].

Along the paper we just consider graphs with every edge of length 1. In order to consider a graph G as a geodesic
metric space, identify (by an isometry) any edge [u, v] € E(G) with the interval [0, 1] in the real line; then the edge
[u, v] (considered as a graph with just one edge) is isometric to the interval [0, 1]. Thus, the points in G are the vertices
and, also, the points in the interior of any edge of G. In this way, any connected graph G has a natural distance defined
on its points, induced by taking shortest paths in G, and we can see G as a metric graph. If x, y are in different
connected components of G, we define dg (x,y) = oo. Throughout this paper, G = (V, E) = (V(G), E(G))
denotes a simple (without loops and multiple edges) graph (not necessarily connected) such that every edge has
length 1 and V' # @. These properties guarantee that any connected component of any graph is a geodesic metric
space. Note that to exclude multiple edges and loops is not an important loss of generality, since [27, Theorems 8
and 10] reduce the problem of compute the hyperbolicity constant of graphs with multiple edges and/or loops to the
study of simple graphs.

If X is a geodesic metric space and x1, X2, x3 € X, the union of three geodesics [x1x2], [x2x3] and [x3x1] is
a geodesic triangle that will be denoted by T = {x1, x2, x3} and we will say that x1, x> and x3 are the vertices
of T'; it is usual to write also T = {[x1x2], [x2x3], [x3x1]}. We say that T is §-thin if any side of T is contained
in the §-neighborhood of the union of the two other sides. We denote by §(7) the sharp thin constant of 7, i.e.
8(T) := inf{§ > 0 : T is§-thin}. The space X is 8-hyperbolic (or satisfies the Rips condition with constant §)
if every geodesic triangle in X is §-thin. We denote by §(X) the sharp hyperbolicity constant of X, i.e. §(X) :=
sup{8(T) : T isa geodesic triangle in X }. We say that X is hyperbolic if X is §-hyperbolic for some § > 0;
then X is hyperbolic if and only if §(X) < oo. If X has connected components {X; }; <7, then we define §(X) :
sup; <7 8(X;), and we say that X is hyperbolic if §(X) < oo.

If we have a triangle with two identical vertices, we call it a bigon; note that since this is a special case of the

definition, every geodesic bigon in a §-hyperbolic space is §-thin.

In the classical references on this subject (see, e.g., [1, 2, 41]) appear several different definitions of Gromov
hyperbolicity, which are equivalent in the sense that if X is -hyperbolic with respect to one definition, then it is
§’-hyperbolic with respect to another definition (for some §” related to §). The definition that we have chosen has a
deep geometric meaning (see, e.g., [2]).

Trivially, any bounded metric space X is ((diam X)/2)-hyperbolic. A normed linear space is hyperbolic if
and only if it has dimension one. A geodesic space is O-hyperbolic if and only if it is a metric tree. If a complete
Riemannian manifold is simply connected and its sectional curvatures satisfy K < ¢ for some negative constant c,
then it is hyperbolic. See the classical references [1, 2, 41] in order to find further results.

We want to remark that the main examples of hyperbolic graphs are the trees. In fact, the hyperbolicity constant
of a geodesic metric space can be viewed as a measure of how “tree-like” the space is, since those spaces X with
8(X) = 0 are precisely the metric trees. This is an interesting subject since, in many applications, one finds that the
borderline between tractable and intractable cases may be the tree-like degree of the structure to be dealt with (see,
e.g., [42]).
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A graph is circulant if it has a cyclic group of automorphisms that includes an automorphism taking any vertex
to any other vertex. There are large classes of circulant graphs. For instance, every cycle graph, complete graph,
crown graph and Mobius ladder is a circulant graph. A complete bipartite graph is a circulant graph if and only if it
has the same number of vertices on both sides of its bipartition. A connected finite graph is circulant if and only if it
is the Cayley graph of a cyclic group, see [43]. Every circulant graph is a vertex transitive graph and a Cayley graph
[44]. It should be noted that Paley graphs is an important class of circulant graph, which is attracting great interest
in recent years (see, e.g., [45]).

The circulant is a natural generalization of the double loop network and was first considered by Wong and
Coppersmith [46]. Circulant graphs are interesting by the role they play in the design of networks. In the area of
computer networks, the standard topology is that of a ring network; that is, a cycle in graph theoretic terms. However,
cycles have relatively large diameter, and in an attempt to reduce the diameter by adding edges, we wish to retain
certain properties. In particular, we would like to retain maximum connectivity and vertex-transitivity. Hence, most of
the earlier research concentrated on using the circulant graphs to build interconnection networks for distributed and
parallel systems [47], [48]. The term circulant comes from the nature of its adjacency matrix. A matrix is circulant if
all its rows are periodic rotations of the first one. Circulant matrices have been employed for designing binary codes
[49]. Theoretical properties of circulant graphs have been studied extensively and surveyed [47].

For a finite graph with n vertices it is possible to compute §(G) in time O(n3-%%) [50] (this is improved in
[10, 51]). Given a Cayley graph (of a presentation with solvable word problem) there is an algorithm which allows to
decide if it is hyperbolic [52]. However, deciding whether or not a general infinite graph is hyperbolic is usually very
difficult. Therefore, it is interesting to relate hyperbolicity with other properties of graphs. The papers [24, 29, 40]
prove, respectively, that chordal, k-chordal and edge-chordal are hyperbolic. Moreover, in [24] it is shown that
hyperbolic graphs are path-chordal graphs. These results relating chordality and hyperbolicity are improved in [33].
In the same line, many researches have studied the hyperbolicity of other classes of graphs: complement of graphs
[53], vertex-symmetric graphs [54], line graphs [55], bipartite and intersection graphs [56], bridged graphs [32],
expanders [22], Cartesian product graphs [57], cubic graphs [58], and random graphs [37-39].

In this paper we prove that infinite circulant graphs and their complements are hyperbolic (see Theorems 2.3, 2.4
and 3.15). We obtain in Theorems 3.7 and 3.8 several sharp inequalities for the hyperbolicity constant of a large class
of infinite circulant graphs, and the precise value of the hyperbolicity constant of many circulant graphs. Besides,
Theorem 3.15 provides sharp bounds for the hyperbolicity constant of the complement of every infinite circulant
graph.

2 Every circulant graph is hyperbolic

Let (X,dx) and (Y,dy) be two metric spaces. A map f : X —> Y is said to be an («, B)-quasi-isometric
embedding, with constants @ > 1, 8 > 0if for every x, y € X:

oty (x,y) = B < dy (f(x), f(¥) < adx (x,) + B.

The function f is e-full if for each y € Y there exists x € X with dy (f(x),y) <e.

Amap f : X — Y is said to be a quasi-isometry, if there exist constants @ > 1, f,& > 0 such that f is an
e-full («, B)-quasi-isometric embedding.

A fundamental property of hyperbolic spaces is the following:

Theorem 2.1 (Invariance of hyperbolicity). Let f : X —> Y be an («, B)-quasi-isometric embedding between the
geodesic metric spaces X and Y. If Y is §-hyperbolic, then X is §'-hyperbolic, where §' is a constant which just
depends on o, 8, 6.

Besides, if [ is e-full for some & > 0 (a quasi-isometry) and X is 8-hyperbolic, then Y is 8'-hyperbolic, where
8’ is a constant which just depends on ., 8,8, €.

We denote by Aut(G) the set of automorphisms of the graph G (isomorphisms of G onto itself). If g € Aut(G) we
will denote by (g) the cyclic subgroup of Aut(G) generated by g.
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Definition 2.2. Let G be any circulant connected infinite graph and g € Aut(G) with (g) = Aut(G). Consider the
graph G* with V(G*) := V(G) and E(G*) := {[g" (9), g"t! (UO)]}nezfor some fixed v° € V(G). We define

n(G.g) == dg(v°.g(?)).
N(G,g) := max {dg~(v°,w) | [v°, w] € E(G)}.

Note that the definition of n(G, g) and N(G, g) do not depend on the choice of v°, since G is a circulant graph.
Hence, for every v € V(G),

n(G,g) = dg(v.g(v)) = dg (v.¢7' (v)),

N(G, g) = max {dg=(v,w) | [v.w] € E(G)}.

Theorem 2.3. Any circulant connected infinite graph G satisfies the inequality §(G) < ¢, where ¢ is a constant
which just depends on n(G, g) and N(G, g).

Proof. For each n € Z, let w, be the midpoint of the edge [¢” (v°), g”T1(v?)] € E(G*). Let us define a map
i : G* — G as follows: for each n € Z, let i (u) := g" (v°) for every u € [wy—1wyu] \ {wy—1}. Note that i is the
inclusion map on V(G™*) = V(G); hence, i is (1/2)-full.
Fix u,v € V(G) = V(G*). Let u9 = u,uy,...,up—1,ux = v € V(G) with dg(u,v) =
Zle dguj—q1,u;)and [uj_j,u;] € E(G) forevery 1 < j < k; then we have
k k

dG(u,v) < Y de=(uj—1.u;) < Y N(G.g)dgwuj—1.uj) = N(G.g)dg(u.v).
Jj=1 j=1

Fix u,v € G* and a geodesic [uv] in G*. Recall that i (u), i (v) € V(G) = V(G™). We have
dg+(u,v) < dg=(u,i(w) + dg=(i().i(v)) + dg=(i(v),v)
< 1/2+ N(G.g)dg (i (w).i(v)) + 1/2
= N(G,g)dg(i(u),i(v)) + 1,

1 . . . .
NGO dg+(u,v) < dg(i(u).i(v)) + NG9 <dg(i(w).i(v)) + 1.
Fix u,v € V(G) = V(G™*). Letvg = u,vy,...,vr—1,0r = v € V(G) with dg*(u,v) = Z;Zl dg=(vj—1,v;)

and [vj_1,v;] € E(G*); thenv; = g’ (v;_1) for some i € {1, —1} and we have
r

.
dG(,v) < Y dG(vj—1,v;) = Y _ n(G,g)dG+;j—1,v;) = n(G, &) dg=(u,v).
j=l1 Jj=1

Fix u,v € G*. We have
d (i), i(v)) < n(G,g)dg=(i(w),i(v))
< n(G,g)(dg*(i(u), u) + dg*(u,v) + dg* (v, i(v)))
<n(G,g)(1/2 +dg+(u,v) + 1/2)
=n(G, g)dg+(u,v) +n(G, g).

We conclude that i is a (1/2)-full (max{N (G.g).n(G,g)}.n(G, g))-quasi-isometry and Theorem 2.1 gives the
result, since G * is 0-hyperbolic. O

Theorem 2.4. Every circulant graph is hyperbolic.

Proof. Let us consider any fixed circulant graph G. If G is a finite graph, then it is (diam G)-hyperbolic. Assume
now that G is an infinite graph.
If G is connected, then Theorem 2.3 gives that it is hyperbolic.

If G is not connected, then it has just a finite number of isomorphic connected components G1, ..., G,, since
G is a circulant graph; therefore, §(G) = max {8(G1), .. ,S(Gr)} = §(G1). Since G is connected and circulant,
Theorem 2.3 gives the result. O
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3 Bounds for the hyperbolicity constant of infinite circulant graphs

Let{ai,as,...,ar}beasetof integers suchthat0 < a; < --- < ax. We define the circulant graph Coo (a1, . .., ax)
as the infinite graph with vertices Z and such that N(j) = {j £ a; };‘:1 is the set of neighbors of each vertex j € Z.
Then Coo(ai, . .., ay) is a regular graph of degree 2k. If k = 1, then Coo (1) is isometric to the Cayley graph of Z,
which is O-hyperbolic. Hence, in what follows we just consider circulant graphs with k > 1.

Denote by J(G) the set of vertices and midpoints of edges in G, and by |7 ]| the lower integer part of 7.

The following results in [25] will be useful.

Theorem 3.1 ([25, Theorem 2.6]). For every hyperbolic graph G, §(G) is a multiple of 1/4.

As usual, by cycle we mean a simple closed curve, i.e., a path with different vertices, unless the last one, which is
equal to the first vertex.

Theorem 3.2 ([25, Theorem 2.7]). For any hyperbolic graph G, there exists a geodesic triangle T = {x, y, z} that
is a cycle with x,y,z € J(G) and §(T) = 5(G).

We also need the following technical lemmas.

Lemma 3.3. For any integersk > land 1 < az < --- < ag, consider G = Coo(1, a2, ...,ax). Then the following
statements are equivalent:

(1) dg (0, |ax/2]) = |ax /2] and, if ax is odd, then dg (0, |ax /2] + 1) = |ax/2].

) a; = ax — 1.

(3) We have either k =2 ork =3 andaz = a3 — 1.

Proof. Assume that (1) holds. If k = 2, then (2) holds; hence, we can assume k > 3. Define r := Lak / 2J. If
az <r,thenr = dg(0,r) by hypothesis and r = dG(0,r) < dg(0,a2) + dg(az,r) <14+ r —a <r, whichis
a contradiction. Thus we conclude a, > r. Therefore,

r=dg(0,r) <dg(0,a2) + dg(az,r) <1+a>—r,
and ap > 2r — 1. Hence, a» > ay — 1if ax is even. Since a> > r, if ay is odd, then
r <dg(.,r +1) <dg(0,a2) +dg(az,r +1) <1 +azx— (r +1),

and ap > 2r = ay — 1. Then (2) holds.
A simple computation provides the converse implication.

The equivalence of (2) and (3) is elementary. O
Let us define the subset £ of infinite circulant graphs as £ := {Coo(l, 2m+1,2m +2,2m + 3)}m>1.
Lemma 3.4. Consider any integersk > land1 < ay <--- < ag withaz < ax—1,and G = Coc(1,a2,...,ax) ¢
E. Then 4
min {dG (0.1). dg (a;. )} < | 5| - 1. M

foreveryu € ZwithO <u <ajandl < j <k.

Proof. Since ar < ax — 1, Lemma 3.3 gives:

(i) if ag is even, then dg (0, |ax /2]) < |ax/2].

(ii) if ax is odd, then dg (0, |ax /2]) < |ax /2] ordG (0, |ax /2] + 1) < |ax/2].

If dg (0. I_ak /2J) < I_ak /2J, then inequality (1) trivially holds. Hence, we can assume that aj is odd,
dg (O, Lak/ZJ) = I_ak/2J and dg (O, Lak/ZJ + 1) < Lak/2J. These facts imply that dg (O, I_ak/ZJ + 1) =
lax /2| —1.
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Ifa, < Lak/ZJ, then dg (0, Lak/ZJ) < Lak/2j, which is a contradiction. Therefore, ar > Lak/2j and

L%J—1=dc;(0,ta?kj+l>§1+a2—La§J—l, ax —2<a» <ay — 1.

We conclude ap = ax —2,andk =3 ork = 4. If k = 4,thenay; = a4 —2,a3 = a4 — 1 and G € &, since ay is
odd. This is a contradiction, and we conclude k = 3 and ap = a3 — 2.
If j = 1, then min {dG(O,u),dG(l,u)} =O0forevery 0 <u < 1.
If j =2, thenforevery0 <u <a
an as

min {d (0,u),d (a2, u)} < min{u,az —u} < L?J = [7J —1.

If j = 3, then dg(|a3/2].a3) = dG(0,]az/2| + 1) = |a3/2| — 1, and for every 0 < u < a3 with u #
laz/2]. |asz/2] + 1,
min {dG (0,u),dG (a3, u)} <min{u,a3 —u} < L%J -l

This finishes the proof. O

Proposition 3.5. Consider any integers k > 1 and 1 < az < --- < ag. If we have either k = 2, or k = 3 and
a» =a3—1,0rCoo(1,an,...,ax) €&, then

1 ax
S(Coo(l,az,...,ak)) > 3 + L?J

Proof. Define r := |ax /2] and G := Coo(l,az, ..., ax).
Assume first that we have either k = 2, or k = 3 and a» = a3 — 1. Consider the curves y1, y> in G joining
x:=0andy :=r + (r + 1)ax given by
y1:=[0,1JU[L,2QU---U[r=Lr]U[r,r +ax]U[r +ak,r +2ax|U---Ulr +rag,r + (r + Dag],
y2 :=[0,ax] U [ax,2ar] U---Ulrag, (r + Dag] U [(r + Dag, (r + Dax +1]U---
o U[r+ Dag +1,(r + Dag +2]U[r + (r + Dag — 1,7 + (r + Dag].
Lemma 3.3 gives that v and y» are geodesics; then dg (x, y) = L(y1) = L(y2) = 2r + 1. Let T be the geodesic

bigon T' = {y1, y2}in G.If p is the midpoint of [r, r + ax], then dG (p, x) = dg(p,y) = r + 1/2 and Lemma 3.3
gives that dg (p, y2) = r + 1/2. Hence,

1 ax
§(Coo(l.az,....ar)) = d(p.y2) = 5T [7J
Assume now that Coo (1, a2, ...,ax) € £.Note that r +rax = (r + 1)ax—1, since axy = ay—1 + 1 is odd. Consider
the curves y1,y2,y3in G
y1:=[-r—rag,—r —(r —DaglU---U[-r —2ay,—r —ay|U[-r —ag,—r]U[—r,71]
Ulr,r+ax]Ulr+ag,r +2ax]U---Ulr+ ( — Dag,r + rag],
y2 = [=(r + Dak—1,—rax—1]U---U[-2ax—1, —ax—1] U [-ax—1,0],
y3 = 1[0,ax—1] U lak—1,2ax—1]U - Urax—1, (r + Dag—1],
joining x := —(r + 1)ax—1, y := (r + 1)ax—; and z := 0. One can check that y1, > and y3 are geodesics in

G. Let T be the geodesic triangle T = {y1, ¥2, y3}. Note that dG (0,r) = r, since G € &£. Therefore, if p is the
midpoint of [—r, r], then
1 1 1 1 ak

8(G) 2 da(p.y2Uys) = 5 +dc(rys) = 5 +da(rf0.2m) = 3 +r =2+ | 5. O
Let G = Coo(l,a2,...,ar). If x € V(G), we define x1 := xp := x;if x € G \ V(G), we define x; and x as the
endpoints of the edge containing x with x1 < x5. Therefore, | < x> —x1 <ax ifx € G\ V(G).If x,y € J(G),
we say that xL y if x = y or x < y1, and x and y are related (and we write xR y)if xL y or yL x. Note that L is
an order relation on J(G).
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Lemma 3.6. Consider any integersk > land 1 < az < --- < ax. Ifx,y € J(Coo(l.a2,...,ax)) and x and y
are not related, then

dG(x,y) <1+ L%"J

Furthermore, ifar < ax — 1 and Coo(1,a2,...,ax) ¢ &, then
ag
do(x.y) = | 5.
2
Proof. Let G = Coo(1,az,...,ax). If x1 < y; < y2 < X2, then the cycle

o:=[x,x1 +1JU[x1 + 1, x1 +2]U---U[y1 — L,y1]U [y1,y2] U [y2,y2 + 1JU
e U[x2 —2,x2 — 1] U [x2 — 1, x2] U [x2, x1]

has length at most 1 + ag . Since o is a cycle containing the points x and y, we have

1 14+ ax ax
d s < -L < " <1 L J
Gx.y)=5Llo)=s——=1+|—

Ifa < ax —1and G ¢ &, then Lemma 3.4 gives dg(x,y1) < 1/2 + Lak/ZJ -1 = Lak/ZJ —1/2 and
dc(x,y) < |ax/2].

If y1 < x1 < x2 < y», then the same argument gives these inequalities.

Ifx) < y1 <x2 < yz,thenxo—yi+y1—x1 < ag andmin{xo—y1, y1—x1} < lax/2]. lff xo—y1 < ax /2],
then dG (x,y) < dg(x,x2) + x2 —y1 +dG(y1,y) < 1+ lax/2]. If y1 — x1 < |ax /2], then dG(x,y) <
de(x,x1)+y1 —x1 +dc(1,y) <1+ |ax/2|.Ifar < ax —1 and Cso(1,a2,...,ar) ¢ &, then Lemma 3.4
also gives dg (x, y1) < |_ak/2J —1/2and dg(x,y) < [ak/ZJ.

If y1 < x1 < y2 < x2, then the same argument gives these inequalities. O

We can state now the main result of this section, which provides a sharp upper bound for the hyperbolicity constant
of infinite circulant graphs.

Theorem 3.7. For any integersk > land 1 < ap < --- < ag,
1 a
8(Coollaz,.van) = 5+ | 5.
2 2
and the equality is attained if and only if we have either k = 2, ork =3 andaz; = a3z — 1, ork =4,a> = a4 —2,
a3z = aq — 1 and a4 is odd.

Proof. In order to bound §(G) with G = Co(1,a2,...,ax), let us consider a geodesic triangle 7 = {x, y,z}in G
and p € [xy]; by Theorem 3.2 we can assume that T is a cycle with x, y, z € J(G). We consider several cases.
(A) If x and y are not related, then Lemma 3.6 gives

1 1 1jax
da (p.[xz]U pz]) < dG (potx. 3] < 5 da(xy) < 5+ 5 | 5 . @
(B) Assume that xR y. Without loss of generality we can assume that xL y. Denote by wy, ..., w,, the vertices in

[xy] such that w1 € {x1,x2}, wm € {y1,y2} and dG(w;,w;41) = 1 forevery 1 < j < m; we define
ip:=min{l <i <m|w; >x3 Vi <j <mj}, X0 = Wj,.

(B.1) Assume that either x € V(G) or x is the midpoint of an edge [r,r + 1] € E(G) for some r € Z. If xg = x2,
then L([xxo]) < 1/2.1If xg > x2, then the cycle

0= [wiov wio—l] U [wio—lvwio—l + 1] ) [wio—l + 1, Wig—1 + 2] U---u [wio -2, Wiy — 1] U [wio -1, wio]

has length at most 1 + ax. Since x € V(G) or x is the midpoint of an edge [r, r + 1], thus ¢ is a cycle containing
the points x and xo, and we have

L([xxo]) = dg(x,x0) < %L(o) < H_Tak < % + Lakj,
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(B.2) Assume now that x is the midpoint of an edge [r,r +a;] € E(G) forsomer € Zand 1 < j < k.If xo = x2,
then L([xxo]) = 1/2. If w;y,—1 = x1, then L([xxo]) = 3/2.If xo > x2 and w;,—1 # X1, then we have either
Wig—1 < X1 < X2 < Wj, Or X1 < Wj,—1 < X2 < Wj,. In the first case the cycle

0 = Wiy, Wig—1] U [Wig—1, Wig—1 + 1] U~ U[x1 — L x1] U [x1,x2] U [x2,x20 + 1] U -+ U [w;, — 1, w;,]
has length at most ax . Since o is a cycle containing the points x and xo, we have

a
< 2k

1
L([xx0]) = dg (x,x0) < 3 L(o) < >

Assume that x1 < w;,—1 < X2 < wj,. Then
1 .
L([xxol) = dg (x. x0) =5 + min{dg (x2, wip—1). dG (Wip—1.X1)} + 1
3 . 3 ax
55 + min{xy — Wig—1, Wig—1 — x1} < 5 + L?J
Therefore, in Case (B), if p € [xx0] \ B(x0,3/4), then

3 3 ag
d6(p.[x2) U [y2]) = d6(p.x) < L(Prxol \ B(xo.3/4) = L(fxxol) = 3 = 3 +| 5|, 3
Define
Jo:=max{l <i <m|w; <y V1<) <i}, Yo = Wj,-
A similar argument to the previous one shows that if p € [yoy] \ B(yo,3/4), then
3 ak
da(p.xlUz) = +| T . )

Since T is a continuous curve, we have

(xz] U [yz]) 0 {x1. x2} # 0. (xz]U [yz]) N {y1. y2} # 0.

(a) Assume that yg € [xxo] \ {x0}.
(a.1) If dG (x0, o) = 2, then

. 3 ag 3 ag _ ay
L(xy) = L(vxo]) + Loy) — Lboxo) < 5 + | 5 |+ 5+ | 5| -2 =142 F .
1 1 ax
de (p.[xz) U ) = da (p fx. v} = 5 L)) = 5 + | 5 .
2 2 2
(a.2) If dg(x0,y0) = 1, then w;, = yo = wj,—1, Wj, = X0 = Wj,+1 and the definitions of xo and yq give
yo < x2 < x¢ and yg < y1 < Xxg. Since [x¢, yo] € E(G),

14+a
dg(x2,y1) < 3 a
1 14+a 1 3+a
L(lxy]) = dg(x.y) <dg(x.x2) + dG(x2.y1) + dG (y1.y) < >+t k 3= 5 k.
1 1
4o (p. =1 U Dv2) < da(p. ) < 5 L{lov]) < 0% < 04| %% |

(b) Assume that yg ¢ [xx0] \ {x0}. Since x2 < xg, yo < y1 and [xz] U [yz] is a continuous curve joining x and y,
if p € V(G) N [xoyo0] C [xy], then there exist u,v € V(G) N ([xz] U [yz]) with [u,v] € E(G) andu < p < v.
Since T is a cycle, we have

d6(p.[xz) U ly2)) = de (p. fu.v}) < minp —u.v — pj = | % |

Therefore, if p € [xoyo] U B(xo,3/4) U B(yo,3/4), then

do(p. ezl U2 < 5 + [ % .
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This inequality, (2), (3) and (4) give
3 ag
5(Coo(laz,..oap) = 5 + | . ®)
4 2
By Theorem 3.1, in order to finish the proof it suffices to show that the equality in (5) is not attained. Seeking for a

contradiction, assume that the equality is attained. The proof of (5) gives that we have

do(plzlulah =5+ [ % .

where p is the point in [xxo] with dG (p, x0) = 3/4 or the point in [yoy] with dG (p, yo) = 3/4. By symmetry,
without loss of generality we can assume that p is the point in [xxo] with dG (p, x0) = 3/4; thus dG (p, wiy—1) =
1/4. Therefore, we are in Case (B.2) with x1 < w;,—1 < X2 < w;, and

3 . 3 . 3 ag
L([xxo]) = 5t min{d¢ (x2, Wiy—1). dG (Wig—1,X1)} = 5t min{xs — Wjy—1, Wjy—1 — X1} = 5t L*J

Then 4
. . k
min{dg (x2, Wiy—1), dG (Wig—1, X1)} = Min{x2 — Wj;—1, Wip—1 — X1} = L—J,

and we conclude

ax ak
L?J < X2 — Wig—1, Wig—1 — X1 = L?J + 1. (6)

(1) Assume that x> € [xxo]. Since T is a cycle, then x1 € [xz] U [yz] and x1 < w;,—1. Hence, since [xz] U [yz] is
a continuous curve joining x and y, and dg (p, w;,—1) = 1/4, we obtain as above

3 ak 1 ak
S+ |5 = do(p. k21 U 2D = do (powig—1) + do (wig—1. [z U DvzD < 7 + | 5.

which is a contradiction.

(I1) Assume that x] € [xx¢].

(I1.1)If xo — x1 = X0 — Wijy—1 = ak, then w;,—1 — X1 = X0 — X2, dG(x1, Wj,—1) = di (X2, X0) and
dg(x,x0) = dg(x,x1) + dG (x1, wiy—1) + dG (Wiy—1, X0) > dG (x, x1) + dG (X1, Wip—1)
1
=3 +dg (x2,x0) = dg (x,x2) + dg (x2,x0) = dg (x, X0),

which is a contradiction.
(I11.2) If xo — x1 < ag, then (6) gives
a
X2 — Wjy—1 = Wjp—1 — X1 = LiJa
and
3 ag 1 ax
S+ |5 = do(p 21 U 2D = do(p.x2) = da (powig—1) + da (wig—1.32) < 7 + | 5 .
which is a contradiction.
(11.3) Assume x> — x1 = ax and xo — w;,—1 < ag. Since x| € [xxp], we have w;,—; —x1 = Lak/ZJ.

(11.3.1) If x2 — wjg—1 = |ax /2], then

3 a 1 a
S+ | T = do (el U D2 = do (pox2) < d6(powig—1) + do (wig—1.%2) = 7 + | 5.

which is a contradiction.

(I11.32) If x2 —wjy—1 = |ax /2| + 1, then ax = x2 —x1 = 2|ax /2] + 1 and

a a
dg(x0,x2) < X0 — X2 = X0 — Wjy—1 — (XZ — w,-o_l) <dax — \\Tkj —-1= {Tkj,
3 a 3 a

2+ |5 = dap. kz1U DD = do(p.x2) < do(poxo) + da (o.x2) < 5 + | 5 .
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which is a contradiction.

This finishes the proof of the inequality.

If we have either k = 2, ork =3 andas = a3 —1,ork =4,a> = a4 —2,a3 = a4 — 1 and a4 is odd, then
Proposition 3.5 gives

1
§(Coo(l,az,...,ax)) > 5+ L%kj

Since we have the converse inequality, we conclude that the equality holds.

Assume now that the equality holds. Denote by G the circulant graph Coo (1, a2, ..., ax). By Theorem 3.2 there
exist a geodesic triangle T = {x, y,z} in G that is a cycle with x, y,z € J(G), and p € [xy] with dg (p, [xz] U
yz)=1/2+ |_ak/2J. Hence, p € J(G).

Seeking for a contradiction, assume that ap < ay — 1 and that G ¢ &.

If x and y are not related, then Lemma 3.6 gives dg(x,y) < Lak/2J. Since dg(x,y) = dg(x,p) +
dg(p,y) = 1+ ZLak / 2J, thus x and y are related, and without loss of generality we can assume xL y. Since
dg(p,x),dg(p,y) > 1/2+ Lak/ZJ, the previous argument gives that x and p are related, and p and y are related.

(i) Assume first xL p and pL y.

Since p1 —x1 > p1 —x2 > dg(x2, p1) > I_ak/2J —1/2, we have p1 — x1 > p1 — x2 > |_ak/2J, and
there is some point u € ([xz] U [yz]) N V(G) with u < p;. A similar argument gives that there is some point
v € ([xz]U[yz]) N V(G) with p> < v. Denote by u and v any couple of vertices satisfying these properties. We are
going to prove that v — u > ag.

If p € V(G), then

. . 1
min{p —u,v— p} = min{dG (u, p).dc (p.v)} = 3+ L%{J
alJ > dag.

min{p—u,v—p}zl+ta—kj, v—u22—|—2{2

2

If p is the midpoint of some edge [m,m + a;] withm € Z and 2 < j < k, then Lemma 3.4 gives dg (p, w) <
lak/2]—1/2 < 1/2+|ax /2| forevery w € Z withm < w < m+aj,sincear < ax—1and G ¢ £. Furthermore,

min{m —u,v—m—a;} > min{dg(u,m),dG(m + a; ,v)} > L%‘J
vV—u>aj +2La7kJ Z2+2La7kJ > ay.

Finally, assume that p is the midpoint of some edge [m,m + 1] with m € Z. By Lemma 3.3, we have
dg(0.ax/2]) < |ax/2| —1ordg (0. |ax/2| + 1) < |ax/2] — 1. Therefore,

ak 1 ak 1 . 3 ar
dG(P7Pi<L7J+E>)EL7J—E, min {p —u, v —p Z§+L7J,
v—uz3+2[a7kJ zz+2[“7kJ > ag.

Hence, we have proved v — u > ay in every case.

Since if p is the midpoint of some edge [m,m+a;]withm € Zand2 < j < kthendg(p, w) < 1/2+ |_ak/2J
for every w € Z withm < w < m + a;, and [xz] U [yz] is a continuous curve joining u and v, there exist
up, vo € ([xz] U [yz]) N V(G) withug < p1, p2 < vo and [ug, vo] € E(G). Hence, ax > vo —ug > ay, which is
a contradiction.

(ii) Assume now that pL x or yL p. By symmetry, we can assume that pL x and thus p € [xxo] and
dG (p.xo) = 1. Since dg (x,x0) < 3/2 + |ax /2], wehave 1/2 + |ax /2| = dG (p.[xz] U [yz]) < dG(x, p) <
1/2 + I_ak/ZJ. Therefore, dg (x, p) = 1/2 + I_ak/ZJ, dg(p,x0) = 1, p € V(G) and x is the midpoint of
[x1,x2] € E(G). Thus dG (p, x1) > Lak/ZJ, d(p,x2) > Lak/ZJ and p < x1 < x3 < xo. By Lemma 3.3, we
have dg (0, |ax/2]) < |ax/2| —1ordg (0. |ax/2] + 1) < |ax/2| - 1.

IfdG (0, ax/2]) < |ax/2] — 1, then x1 > |ax/2| + 1, x2 < ax — (|ax/2] — 1) and

1 <xo—x1 <ax—(lax/2| =1) = |ax /2| =1 = ax —2|ax /2| <0,

which is a contradiction.
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Ifdg (0, [ax/2|+1) < |ax/2]—1,thenxs < |ax /2], x1 = |ax/2]|and 1 < xo—x1 < |ax/2|—|ax/2] <
0, which is a contradiction.

Therefore, we conclude in every case that ap > ax — 1 or G € £. Hence, Lemma 3.3 gives k = 2, ork = 3
andar, = a3z —1,ork =4,a> = a4 —2,a3 = a4 — 1 and a4 is odd. O

We also have a sharp lower bound for the hyperbolicity constant.

Theorem 3.8. For any integersk > 1 and 1 < ar < --- < ax we have

)

NSRS

5(Coo(1, az,... ,ak)) >
and the equality is attained if ay = k.

Proof. Define G = Coo(1,a2,...,ax), and consider the geodesics y1, y» in G given by

y1 = [0,ar] Ulak, 2ax] U [2ak, 2ax + 1],
y2 :=[0,1JU[1, 1 +ag] Ul +ag, 1+ 2ak].

Let T be the geodesic bigon T = {y1, y2} in G. If p is the midpoint of [ax, 2ak], then

. 1 3
8(G) = dg(p,y2) = min {dG (p.ax) +dg(ag. 1+ ax), dg(p.2ax) + dc Qag, 2ax + 1), 3 L(Vl)} =3

Assume now that ay = k,ie., G = Coo(l,an,...,ar) = Coo(1,2,...,k). Therefore, dg(m,m + w) = 1
for every m,w € Z with |w| < k. Note that if x,y € J(G) and x and y are not related, then |x1 — y1| < &,
dg(x1,y1) =1 and

dg(x,y) <dg(x,x1) +dg(x1,y1) +dcg(y1.y) = 2. @)

Let us consider a geodesic triangle T = {x, y,z} in G and p € [xy]; by Theorem 3.2 we can assume that 7 is a
cycle with x, y, z € J(G). We consider several cases.

(A) If x and y are not related, then (7) gives

dg (p.[x2] U [yz]) < dg (p. {x. y}) < %dc;(x, el

(B) Assume that xR y. Without loss of generality we can assume that xL y. Define w;, ig, Xo and yo as in the proof
of Theorem 3.7. Then w;,—1 < x2 < w;, = Xo.

If xo = x2, then L([xxo]) < 1/2.1If xg > x2, then Wip—1 < X2 < Wj,. Since X2 — Wj, < Wi, — Wig—1 < k,
dg (x2,x0) = 1 and

1 3
L([xx0]) = dg (x,x0) < dg(x,x2) + dg(x2,x0) < 3T 1= 3

Therefore, in both cases, if p € [xx¢], then

3

dg(p.[xz] U [yz]) < dG(p.x) < L([xxo]) < 3

A similar argument to the previous one shows that if p € [yoy], then dg (p. [xz] U [yz]) < 3/2.1f yo € [xx0], then
dg (p,[xz] U [yz]) < 3/2 holds for every p € [xy]. Consider now the case yo ¢ [xx0].
Since x» < xg and yg < y1,every p € V(G) N [xgyo] C [xy] verifies xo < p < y;. Since T is a continuous
curve, we obtain
(Ixz] U [yz]) N {x1, x2} # 0. (Ixz] U [yz]) N {y1. y2} # 9.

Since [xz] U [yz] is a continuous curve joining x and y, if p € V(G) N [xoyo], then there exist u,v € V(G) N
([xz]U[yz]) with [u,v] € E(G)andu < p <v.Hence,p—u <v—u <k,v—p <v—u <kand

dg(p.[xz]U[yz]) < dg(p.{u.v}) = 1.
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Therefore, if p € [xgyo], then

| W

dg(p,[xz] U [yz]) <
These inequalities give §(7) < 3/2 and, hence,

§(Coo(1,2,....k)) < %

Since we have proved the converse inequality, we conclude that the equality holds. O

As usual, the complement G of the graph G is defined as the graph with V(G ) = V(G) and such thate € E(G ) if
and only if e ¢ E(G). We are going to bound the hyperbolicity constant of the complement of every infinite circulant
graph. In order to do it, we need some preliminaries.

For any graph G, we define,

diam V(G) := sup {dg (v. w)| v, w € V(G)},
diam G := sup {d(;(x,y)|x,y € G}.

We need the following well-known result (see a proof, e.g., in [36, Theorem 8]).

Theorem 3.9. In any graph G the inequality §(G) < (diam G)/2 holds.

We have the following direct consequence.

Corollary 3.10. In any graph G the inequality §(G) < (diam V(G) + 1)/2 holds.

From [34, Proposition 5 and Theorem 7] we deduce the following result.

Lemma 3.11. Let G be any graph with a cycle g. If L(g) > 3, then §(G) > 3/4. If L(g) > 4, then §(G) > 1.

We say that a vertex v of a graph G is a cut-vertex if G \ {v} is not connected. A graph is two-connected if it does
not contain cut-vertices.
We need the following result in [26, Proposition 4.5 and Theorem 4.14].

Theorem 3.12. Assume that G is a two-connected graph. Then G verifies 5(G) = 1 if and only if dlam G = 2.
Furthermore, 5(G) < 1 if and only if dlam G < 2.

Definition 3.13. Ler us consider integers k > 1 and 1 < a1 < ap < --- < ag. We say that {ay,az,...,ax}
is a 1-modulated sequence if for every x,y € Z with |y| ¢ {a1,a2,...,ax} we have |x| ¢ {a1,az,...,ax} or
|x —y| ¢ {ar,az,...,ax}

We have the following sharp bounds for the hyperbolicity constant of the complement of every infinite circulant
graph. In particular, they show that the complement of infinite circulant graphs are hyperbolic.

Theorem 3.14. For any integersk > land 1 < a1 < az < --- < ay we have

3
1 55(Coo(a1,a2,...,ak)) = 5
Furthermore, S(Coo(al,az,...,ak)) = lifand only if{a1,az,...,ax} is l-modulated. If there is | < j < ay/5

with j, 5] ¢ {ar.az.,....ax}and 2j,3j,4j € {ay.,az.... ar}, then §( Coolar.az, ... ax)) = 3/2.

Proof. Define G := Coo(ai,az,...,ax). Given u,v € Z, consider w € Z with w > u + ax and w > v + ag.
Since [u, w], [v,w] ¢ E(G), we have [u, w], [v.w] € E(G) and dg(u,v) < dg(u, w) + dg(w,v) = 2. Hence,
diam V(G ) < 2 and Corollary 3.10 gives §( G ) < 3/2.
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Since [0,ax + 1], [ax + 1,2ax + 2], [2ax + 2,3ax + 3], [3ax + 3,0] ¢ E(G), we have [0,ax + 1], [ax +
1,2a + 2], [2ax + 2,3ax + 3], [3ax + 3.0] € E(G). Since the cycle C := {0,ax + 1,2ax + 2,3ax + 3,0} in
G has length 4, Lemma 3.11 gives §(G ) > 1.

Since G is a circulant graph, the sequence {a1, a2, ..., ax} is 1-modulated if and only if for every x, y1, y2 € Z
with |y2—y1| € {a1,a2,...,ar}, wehave [x—yq| € {a1,a2,...,ax}or|x—y2| ¢ {a1,az,...,ax}. This happens
if and only if d&(x, [y1.y2]) < 1 forevery x € V(E) and [y1, y2] € E(é), and this condition is equivalent to
diam V(G ) < 2. Since G is a two-connected graph, Theorem 3.12 that diam G < 2 if and only if §( G ) < 1. Since
8(G) = 1, we conclude that §( G ) = 1 if and only if {a1. a2, ....ax} is 1-modulated.

Assume that there is 1 < j < ag/5 with j,5j ¢ {ai,a2,...,ax} and 2j,3j,4j € {ai,a2,...,ax}, and
consider the cycle C := {0, j,2/,3/,4/. 5,0} in G with length 6. Let x and y be the midpoints of the edges [2/, 3]
and [5/, 0], respectively. Since d([2/, 371, [5/.0]) = 2, dz(x,y) = 3 and C contains two geodesics g1, g2 joining
xand y, with gt NV(G) ={0,/.2j}and g2 N V(G) = {3/,4/,5j}. Since dg(j.{3j,4/.5/}) > 2, we have
8(G) = dg(j.g2) = dg(j.{x.y}) = 3/2, and we conclude §( G ) = 3/2. O
Since Paley graphs is an important class of circulant graph, which is attracting great interest in recent years (see, e.g.,
[45]), we finish this paper with a result on the hyperbolicity constant of Paley graphs.

Recall that the Paley graph of order ¢ with ¢ a prime power is a graph on ¢ nodes, where two nodes are adjacent

if their difference is a square in the finite field GF(g). This graph is circulant when ¢ = 1(mod 4). Paley graphs are
self-complementary, strongly regular, conference graphs, and Hamiltonian.

Proposition 3.15. For any Paley graph G we have

1<48(G) <

N W

Proof. Let us denote by n the cardinality of V(G).

Since Paley graphs are self-complementary (the complement of any Paley graph is isomorphic to it), the degree
of any vertex is (n — 1)/2. Hence, given u,v € V(G) with [u,v] ¢ E(G), there exists a vertex w € V(G) with
dc(u,w) = dg(u,v) = 1, and we conclude that diam V(G) < 2. Therefore, Corollary 3.10 gives §(G) < 3/2.

Since G is a Hamiltonian graph, there exists a Hamiltonian cycle g. Since L(g) = n > 5, Lemma 3.11 gives
3(G) = 1. O
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